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Section A (33 marks)

Answer all the questions.

3 1 1 3
Find the acute angle between the lines with vector equationsr =| 0 [+ A 2 |andr=|5|+ ¢y 1 |. [3]
-2 -1 3 -2
At =

————
(i) On an Argand diagram draw the locus of points which satisfyarg(z— 4i) = Zn . [2]
I~
4
"Re

(ii) Give, in complex form, the equation of the circle which has centre at6 + 41 and touches the locus in
part (i). (4]

L L fmn (i) '0/~'~~0
1. j: N+ Y
bk c- e s C
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(v 1) X 2 EY TS >

NEa T 3C- 12w ="
D24%_ U+ D6-7 =0
2.
b -4alC = O
D (yu - y(2)(%-r*) =0
D ST - iy

DS r :J@; ?BS—Z’:
Cg 7 cone & (-7 (x-0)"= 19

= Ii"(é*%“z 32 i comple Aﬁfm

2 3
3 Transformation M is represented by matrix M = [1 4}

(i) On the diagram in the Printed Answer Booklet draw the image of the unit square undefM . [2]

]

T T T \ )
| k2 3 & S

X X
(ii) (A) Show that there is a constant k such that M [k J= S[k ] for all x. [2]
X X

(L) = 5(%) 9 FrrRke =S G
A+ 4K A = SKK—-(H)

h Dw= 3o OLV\(J\ "'\): hkan = jy

= k= | =D K= |
K=
(B) Hence find the equation of an invariant line underM . —

— [1]

' U ( .
Q*Vmo—v\j’ n S d;) "j - A Q.(lw}.a.\
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(C) Draw the invariant line from part (ii) (B) on your diagram for part (i).

1 1 t \ 1
2 3 4 5

4 Youare given that z=W 2i is a root of the equation z’ —5z° +qz—15=0, where q ¢
Find
e the other roots, )
e thevalueofq. 2 - \+2( IS O. w—’ ) Z*’ (’_2—(
s oj.&) o. fost .
2K~ - by s .
Z > l+2{ -+ \"2( 4+ AN = .—(,5‘)
1
D 2tX=hH 2 x.3
ZD( = C_
{
D - 4T 436643~ & - ¢
S - %
- Otare k- 3 and g =l
(i) Express ﬁ in partial fractions.

AL B = 2= A(r+3)+g(r+,>
r+1 R3]
Lt roia D 2= 0+(¢28) & 3-_,

beb ot D 2= 2040 D A= |

(1]

[2]
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.2 _ 1 |
— - -
() U-FB) r< | r+=
(i1)) Hence find Zn:(r Dee3) expressing your answer as a single fraction. [5]
n
Z‘ \ = L Z ( _ |
=t (e)(e3) 4 =1 +5
- 1 | "\\x(\ + | —\‘%\'('\g\ - +
é(‘% 2! \&é
+ - I/ + \ =
h+2 N+ n+3
= | ( [
7. / -+ /. - [ _ |
2 ( =
Z 3 n+ 2_ NNt 3 )

=1 C(n,z}(,\+3)+ 2(n+2)(m3>-(,(m3)- g(mz)
2 6 (n« 2) (n+ 3)

= _?)_ﬂzf )5n+ 13+ 2n* 4, ON+ 12 —6n-13- Cn-12
12(n+2)(n+3>

\

DN+ 13
12 (n+2)(nx3)

_

(1) A curve is in the first quadrant. It has parametric equations x = cosht +sinht, y=cosht—sinht where

t eTR.. Show that the cartesian equation of the curve isxy=1. 2]
N = cotht + Smht Y= s & - sinht
\@sht + sicht )( cosht~ swht)

Qg»sl/?t - .sfr\hz‘f'

\ = m;\z(

>
£
\\

1}

fl
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Fig. 6 shows the curve from part (i). P is a point on the curve. O is the origin. Point A lies on the x-axis,

point B lies on the y-axis and OAPB is a rectangle.

Fig. 6

(i1) Find the smallest possible value of the perimeter of rectangle OAPB. Justify your answer.

%ﬁ.VNnﬂ = 2(')(+\]>

2 (coshe TSt & coslt ,m)

Lessln £
M paanm \roJM& % C_oé«[,\t—

D Mo, value o] M

[4]
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Section B (111 marks)

Answer all the questions

(i) Use the Maclaurin series for In(1+x) up to the term in X’ to obtain an approximation to In1.5
i (e =) = - w2, 2®_
z 3
3
O 5- 0-5* . o.5
_— 4 >
2 3
~O Mg?

prem—

[2]

L"’(’+0-5)~= L

= Ww(s) =

(i1) (A) Find the error in the approximation in part (i).

[1]
O/‘Q 1(;7‘ - (I\ f-5.: DO//Z

(B) Explain why the Maclaurin series in part (i), with x =2, should not be used to find an

approximation to In 3. . [1]
o valudl for -/<An< /.

T/.Le)—uedué

T fndd Lnd, o mwek 2 2 gk & suwtaile %
o e rﬂyc'. 1+x
(iii) Find a cubic approximation toIn <) 2]
(n H'J() ¢ n (1+=) - b (I -=)
-
2
s w- AT, 7 - (,. A- A 7(3)
2 '3 2 3
= 2o +22°
3

(iv) (A) Use the approximation in part (iii) to find approximations to
e Inl5and

e In3.
I+ _

[3]
"2 215 S J4ewx=1.5-/] 5

|-

D 25%n=0485 9 nN=0.2
\/V\()"S): \r\('*o-__Z)

3
1-0.2 = 04+ 2(_9_2)
3
= 0. HO5 3
B o I+47M= 3-3% 5 n-0.5
-

b"(3>-‘ Ln(!;f%% = ’+2(O-§>3:

3

1.083

———
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(B) Comment on your answers to part @iv) (A). 2]

Crrase {)m - nlS-0.up53 - 9. QOO([GY .
Tl \SWWMW At 8 & Lot

‘%&M fe"‘ u&/\BJ > Valmg Whé_ /;‘ ‘ﬁ\{ 2 !\:(6 g
‘Ovvw.&\-fwu,_éo aPoumathen 48 o id.

8 Find the cartesian equation of the plane which contains the three points(1, 0;-1), (2, 2, 1)and (1, 1, 2)

A A
EGRONA
- 6)- ()

Vl-gs&/-\c m“(-omplowg W AP x AC il
be m&ﬂ«mﬂz( o Ha plona .
) (53)> = (4)
Equatien (. Hx-37+z.-dl e |
Sube, (L0 w0l e d
D d=73

;> AW'BL\-\-Z =3
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9 A curve has polar equation r =asin 30 for —3 < 0<5 w, where a is a positive constant.

(i) Sketch the curve.

(i1) In this question you must show detailed reasoning.

Find, in terms of a and 7 the area enclosed by one of the loops of the curve.

—

N CA = | n/s
2

05 %n230Q 4O

o

C&Sé@ = ) - 2S{-f\23®

> |, fﬂlg . a’ 2 A0
2 . é_ - )/Z& C%é@
> ol 4
“’I“ [ -_ m é@
o
SIS
all G-l (ZR)) O

[2]

[5]



PhysicsAndMathsTutor.com

10 (i) Obtain the solution to the differential equation

d 1
x—y+3y=— , where x>0 ,

dx X
given that y=1 when x=1. [7]
11’3 2= 4L
& x
D\-\/. b}’&
LI 3y - 1
du X v &
16 > &f%(o' _ 3l~\'~\= 13
Mot betia Slbl% b-S rz&_S
'5 é:} ‘)kj £ 5’7(.7_ = N
dn
_4,(*37)= x d
d
—_'> 7(,3 = A .
17 3
M\U\ n = | \j= (
9 \ = __l_ +« C =.> C = /L
=>xj~—3_c_7'+z/ = 7C3J=7tz+’
2 2 >
= J: I-l—?Lz-
2%
(2]

(i) Deduce that y decreases as x increases.
- 2
23 23

Helr Sum, le a st 4»0’59 IAC/QG/SZ_

beth 9«()&19’5 \l( -
y -
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11 (1) Itis conjectured that

1 2 3 n-1 b

— 3= - _—gq9_-_

2031 417 ! n!’
where a and b are constants, and n is an integer such thatn > 2.

[2]

By considering particular cases, show that if the conjecture is correct thena=b=1.

whn n- o L _a-_b :> = 2a-b _ ()

= X-b 2 _
En D B42:8,_

l+£+i+...+n;=l— i forn>2. [7]
21 31 41 n! n!
n=p l - / [
) — = - = \o_ ot
= 21 >z =
Rawt- s 4w Joy n=2
Assu\m,z s wow Z{M = Kk
|
Z —%—- 3 + -t K".I st [ - |
U4 N &y

20 21 A(( '—(K.‘)\
= (
(—Z’," * 32, + 3 4.+ kel k
‘ 4 k¢ (R+1)y
b= I-— \ < K
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= -<k+l>+ K — [ — [ Awf
(_K{-/)‘} (K+')_l

T sast s by for = k. "Q & s o for
n=-k . Becauye t%s Wrue \{m N= 2.,/«/-(' rugt e

M For posihwe Mf<§ufs 3feaﬁ>z thon & _,Qo,lm_Q
o 2, ZDJ MM@,@ .,MJMJM

12 In this question you must show detailed reasoning.

(i) Given thaty=arctanx, show that ﬂ: ! . [3]
dx 1+x°
Y= alcCoan o | A
D W = 2 -
> Gy Secx Py
Wd\ Qva&a .
" > .
R §
: _'3 SCC o’ (4-'bv1 o 0‘7(
ol =
Fig. 12 shows th -1 34_‘,!_: ( MMI'
1g. 12 shows t ecurvey—l+x2. 0(% {_'_7(:.. _—
y
A
\ )
Fig. 12
(i) Find, in exact form, the mean value of the ﬁJnctlonf(x)z 2 for —I< x<1. [3]
X

[ovehunx ] |
[%-(%)]

%

/(—l)

~
—

l

2

-
Z
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(ii1)) The region bounded by the curve, the x-axis, and the linesx=1 and x=—1 is rotated through
2 mradians about the x-axis. Find, in exact form, the volume of the solid of revolution generated. [7]

le= J | ] e

-1 (}-I-'x,’)z
M A=z toun & ad'n:—%ﬁzu J‘A
O(l = Sec Lina 8 0 2= w = I3,
du A
’)tf-— A = - ﬂ/
n - 4
=> bl /"( 1 w Sfc w J\,\_
-, Ll*'-bl\tcg)-b
n
D o (™ ( ¥ Sectw jbt
“%,, Sec b
") n f“’q -_]_—— oQU\
- %, St
n, . n,
Pl certa de = R e da
Y - 272
[ 4
I 1y
-"b ‘)l [U\ﬂ- ..(_SmZUL] L'
2 2
,n/q



PhysicsAndMathsTutor.com

k 1 -5
13 Matrix M is given by M [ 2 3 3], where k is a constant.
-1 2 2

(i) Show that detM =12(k—3).
tM = kKGte)- (#-3) -5 (4 +3)
= l2r- )\ - 35
= 2 (K-:s)

(i1) Find a solution of the following simultaneous equations for whichx # z.

4+ y' =52 =6
2x° +3y* -32° =6
X +2y +27' =6

CAlr, Koy o detMz 2

2 | __5 | C
L?z): &23-3>(6§
3 -2 2 -G
25\ /1 o 6
SEETA
& ORI AN
A
x £E- 6 - &
L7 [
-9 -9
P

R
s
Il
|
(0) oA
N — N
\l}
s N
) |
o )
(@

[2]



PhysicsAndMathsTutor.com

(iii) (A) Verify that the point (2, 0, 1) lies on each of the following three planes.

3x+ y-5z=1
2x+3y-3z=1
% 2y+2z=0

3C)+0 5= ) v [1]
22+ 0-3U)=17
-2 +0+20) =0 v

(B) Describe how the three planes in part (iii) (A) are arranged in 3-D space. Give reasons for your

T K3, He 2guedions 6&-‘0«\ mabr.
no M?ul el tion .
M/’/W X} 0&\%6'/)(/{')«.6@9% Q Xﬂ(%

(iv) Find the values of k for which the transformation represented byM has a volume scale factor of 6.

Sk M=C bt M= -6 3

12(x-3) =6 12 (k-3)=-6
k-3= 0.5 K-3=-0.5
K= 3.5 K =25

14 (i) Starting with the result
¢ ®=cos O+isinf,
show that

(A) (cos B+isin @) =cosn O+isinn @ [2]
2'®=z cgO+ 'Sno
e 'mé:- (C%Q-I i&',.@) "

Cernd + (S = (C&SQ F l'&'n@)n %D\OA.J'\

(B) cos G=%(eie+e’ie). é -(@ s o (_ 9)* (S (’ 9) [2]
CHhQ - /5O

Q'-—E - corO+ w0+ Cag,©~,,'s>‘«(§
= 2ce>0O

D= L(eCy e7®) shewn

"
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(ii) Using the result in part (i) (A), obtain the values of the constants a, b, ¢ and d in the identity
cos6 O=acos’ O+bcos' O+ccos’ O+d.
(ceé Q + (gwné) ¢
‘O + Cast* O (ig5in6) + Bun 0(180)" 2pcan0 (1Sin6)
+ 15 con*) ( ‘S ), G cos8(, 5.49) + (;g—m@)
o0 + OS50 O - 154" O gn >0 - 2 ics8 *05in’0
4+ 15 A% D Sim"@ ¥ & O - inf®

feal) prsdt.

(6]

COXNLQ = caré Q@ - [5ces 1O gi'n 0 . lEcas‘@Sm"@ S (@

= cern* 0 - ISC&S"@(FCM"@)Jf 15@5"90 GsH (9_)Z
- (1 - @s2e)(i- o)™

= R © (S T 15coA*Q 4+ 1Scan>O- 30a4 4O + 15 Cor 0
= (1~ 2co0 >0+ @4 O — (an>O + A8 "0 - @5‘9)

= 320%°0 _ 4%r " O + (B *® -

(iii)

Using the result in part (i) (B), obtain the values of the constants P, Q, R and S in the identity

cos’ B=Pcos6 6+Qcos 40+ Rcos 26+ S .

(3]
¢ = ' —II 6 '
CM@—(_’)_(Q@,_Q 9)) et z:e'®
2

=->C°5‘9= 4 (Z—l-

n

r bz

2

o
A

Y

I

(4
2¢ '/a> : "—(Z‘+Ga‘f|

G4 2 5‘3" Zoas t LS&
\_ _ G
2‘>-—— L(Z +£§?+€(2"+\) 152+I) >

2860 + 12004 4O + 3o Cog2@+20>

E@&H@*— 1S Cea20+ S

22 I3
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(iv) Show that cos— -

- 26+15¢_]

6
ce> );L = (26-&- 55
&4

[P
D G

L
= = (ZG—HSJ}> dron

15  In this question you must show detailed reasoning.
Show that
2
" arsinh 2d x= 21 3-~ 8]
(A 0 3 3
W = a"sfn‘ﬂZ); v = |
un ‘: Z- vV = A
———
2, -
stz - (narmaka T8 [ 22 dn
0 (o] o
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16 A small object is attached to a spring and performs oscillations in a vertical line. The displacement of the

object at time t seconds is denoted by xcm.

Preliminary observations suggest that the object performs simple harmonic motion (SHM) with a period of
2 seconds about the point at which x=0.

[3]

(1) (A) Write down a differential equation to model this motion.
T=2n o~ 2=2%n
(TS - ""> N = D

> x _ _y?Z
= ot M(a-':—-a_)zx)

(B) Give the general solution of the differential equation in part (i) (A).
~ = Acer, Lt + Bsivn wt”

Subsequent observations indicate that the object’s motion would be better modelled by the differential

equation
d’x . odx s
— +2k—+(k”+9)x=0 *
dt? dt ( ) ©

where k is a positive constant.
(i1)) (A) Obtain the general solution of (¥*). [3]
M 2 2
A Mj Y.\ + ZKX+K +9 = 5
AEm 2K 2 JuR® y(cg)
Z-
A= -2k ¢ (52
“IT3L = g+,
2

A :a—KC(ACO&Bt N 83ﬂ3t>

(B) State two ways in which the motion given by this model differs from that in part (i).

?eﬁOo& s mare Houn s ound

(2]
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The amplitude of the object’s motion is observed to reduce with a scale factor of 0.98 from one oscillation
to the next.

(ii1) Find the value of k.
-2n

e 3*=0.98
-2k = n (0 9% )
3

[3]

MK =-2W(0.98) = 0.0096H6
2%

m—

At the start of the object’s motion, x=0 and the velocity is 12 cms ' in the positive x direction.

(iv) Find an equation for x as a function of t.

=€ (A casat + BSnDE)
t-0 2z O
> A0
= &'Ktana:'

%; - kBe ¥ Sin ™t + RBe” Y A
t

[4]

- e ¥ (3Bwr™>t - WBoin ’.’r)

t-0o Af,;\/-—\?— = 2=2C°+3B o R=-y4
X

=-_> ‘z: L\e,o-m'lél'fébg;v\fbt

————
c———

(v) Without doing any further calculations, explain why, according to this model, the greatest distance of
the object from its starting point in the subsequent motion will be slightly less than 4 cm. [2]

Bhen k=0 s & o AW,-,? ond Yho
W&'W “s b |

/<<O/ g0 Hwd Ay oo l‘*"j owvxe«/wd'gz)
ij Than  mazns  Hw aw«/)&{—x/uj;z wst Ut Le
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END OF QUESTION PAPER
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